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Delay-induced resonances in an optical system with feedback
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We study the influence of the delay time in the response of a delayed feedback system to external periodic
driving. The nonlinear system we consider is a semiconductor laser with optical feedback operating in the
low-frequency fluctuation regime. We numerically examine the consequences of varying the external cavity
length of the system when a weak modulation is introduced through the laser’s pump current. The harmonic
modulation is seen to lead to a partial periodic entrainment of power dropouts, and the distribution of time
intervals between the dropouts exhibits resonances with certain delay times. In other words, the response of the
system to the external modulation is enhanced for particular values of the external cavity length. The same
effect can be observed in the presence of noise, indicating that stochastic resonance can be enhanced or
degraded depending on the feedback time.
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The control of the dynamics of nonlinear systems hasand the reinjected light beamsSano[6] showed that inten-
been a field of great interest in recent yefts Carefully  sity dropouts are a consequence of the collision of the system
chosen small perturbations, for instance, can stabilize thtrajectory with a saddle-type antimode.
otherwise unstable limit cycles embedded in a strange attrac- Different schemes have been proposed to suppress and
tor, rendering an originally chaotic dynamics periofft¢. In ~ control these chaotic dropouts. A second external cavity, for
a more direct approach, parametric modulation has also bedhstance, has been seen to stabilize the system and suppress
used to induce periodic behavior in chaotic systems, by enthe dropout{7,8]. On the other hand, a harmonic modula-
training their dynamics to the external drivifig]. The effi-  tion of the pump current has been used to entrain the other-
ciency of such an entrainment is an important issue. Here w@ise irregular dropouts to the periodic driving, thereby elimi-
consider the case of a chaotic system with delayed feedbacRating the chaotic behavior of the systg@j. This procedure
and show that the entrainment efficiency is substantially afprovides a good entrainment of the intensity dropouts at a
fected by the feedback time. wide range of modulation periodd0]. Further work has

The nonlinear system that we study is a semiconductophown that entrainment to a weak periodic modulation can
laser with external optical feedbadkee Fig. 1 [4]. This  be enhanced by adding noise to the pump cuféhl2, in
system has attracted much attention in the last decades, da@ example of stochastic resonance. Finally, a relatively pe-
in part to its potential application to optical communications.fiodic response of the dropout events has been reported even
Semiconductor lasers are highly nonlinear, and in the pregh the absence of a harmonic modulation, provided noise is
ence of optical feedback from an external mirror they exhibitstill added to the pump curref13,14 in a form of coher-

a rich variety of dynamical regimes when control parameterg&nce resonance. In the latter two cases, both the intensity and
(basically the laser pumping intensity and the feedbackhe correlation time of the noise have been seen to be critical
strength are carefully adjusted. One of their dynamical re- parameters for entrainment to hapgéa,14.

gimes of operation, probably the most studied one, is the Inthe present paper we are concerned about how the feed-
low-frequency fluctuation regiméLFF) [5], in which the  back time influences the entrainment of power dropouts in a
total output intensity of the laser turns off abruptly at irregu-semiconductor laser. To that end, we use the above-
lar times, recovering gradually after a short time interval. Amentioned Lang-Kobayashi model to numerically study the
dynamical interpretation of this phenomenon can be obtaine€istribution of time intervals between dropout events for
from the Lang-Kobayashi moddl], a system of delay- Varying lengths of the external cavity. As will be shown be-
differential equations that describes the behavior of the emitlow, our results indicate that the response of the laser exhib-
ted electric field and population inversion in the assumption
of single-longitudinal-mode behavior and weak reflectivity Ic Imod
of the external mirrofsee below. According to this model,
the fixed points of the system dynamics in the presence of
feedback are pairs of external cavity modes and their corre- ey >

sponding antimode$which correspond to constructive and "\:
destructive interference, respectively, between the intracavity

*URL: http://oliana.upc.es/javier FIG. 1. Setup studied: LD is the laser diode, L are the collimat-
TElectronic address: jordi.g.ojalvo@upc.es ing lenses, and M is an external mirror, whose distance to the laser
*Electronic address: carme.torrent@upc.es can be modified.

1539-3755/2004/69)/0462075)/$22.50 69 046207-1 ©2004 The American Physical Society



BULDL:I, GARC’IA-OJALVO, AND TORRENT PHYSICAL REVIEW E69, 046207 (2004

TABLE I. Semiconductor laser parameters used in the simula- oF(@)
Description Symbol Value 5 100 L
_Q'_ISO.I.I.I.I.I.I.I.I.I.

Linewidth enhancement factor a 5.0 8 L (b)
Cavity loss coefficient y 0.158 ps?t 8-
Carrier inverse lifetime Ye 6.00x10 4 pst .
dc injection current Co 1.02 L.
Saturation coefficient s 3:010 7 P
Spontaneous emission noise B 0.5x10 ° ps? § }
Differential gain coefficient g 2.79<10°° pst e
Carrier number at transparency No 1.51x 1¢°
Feedback level K 0.02 ps* 0200 400 600 800 1000 1200 1400 1600 1800 3000
External roundtrip time Tt variable time (ns)

FIG. 2. External cavity phase differenegt) of a modulated

its resonances with respect to the feedback time. These res@ser with optical feedback in the LFF regime for three different
nances are of special importance in the stochastic resonan¥glues of the delay time(a) =1 ns, (b) 7¢=2.8 ns, andc) 7y
phenomenon, which is enhanced if the external cavity lengtfy 8-4 ns. The modulation period =70 ns in all cases, with a
is accurately adjusted. Figure 1 depicts a scheme of the spf¥€d amplitude o#,o=0.04. The rest of the laser parameters are
cific setup studied. those of Table I.

The model used in the numerical simulations consists of a

couple of rate equations describing the evolution of thelong the_external cavity,n(t)=¢(t) — ¢(t—77), with

: : - E(t)=vI(t)exdi#(t)] [see Ref[14] and Fig. 2a)]. If a pe-
zlr?(;/vlt)r/]g/acgyrlrr;gra:qrsg:gl;g?t)oa?e complex electric fief(t) riodic modulation is added to the pump current, i@(}t)
' =CotAnodSin(wmed), the dropouts can be entrained to the

dE 1+ia . external periodic driving for high enough modulation ampli-
G- 2 [G(E,N)— y]E(t)+ ke '*TE(t—7%) tudeAnods as shown in Re[.9]. In that work it was obse_rved
that, for a given delay time, entrainment can be obtained for
+ \/Z,tTNg(t), (1) a certain range of modulation frequencieg.q, and it was
conjectured that this entrainment is optimal when the modu-
dN lation frequency is close to the frequency difference between

T Yl C(t)Ny— N(t)]— G(E,N)lE(t)|2. 2 an external cavity mode and its adjacent antim@lelf that

is the case, the relation between the external cavity frequency
Here y and vy, are the inverse lifetimes of photons and car-fand the modu_lat|on frequency can be expected to play.an
riers, respectivelyC(t) represents the pump current applied !mportant role in the response of the system to periodic driv-

to the laserw is the emitting frequency of the solitary laser Irr;gbr?;?]ii f‘?ee ngllg[h sOfetcgEuEXt?gga:‘ng\égikd;molﬂﬁjs its
(without feedback and« is the linewidth enhancement fac- q y SP !

tor, which couples the amplitude and the phase of the electrii fluence the entrainment substantially. In order to examine

field. The second term in Eql) corresponds to the feed- inlstﬁgg:ovgﬁlgi% ilff);et}hlejee:(t:erggrl]g?::tdt\;:/;i)tﬁrR](-i:‘SV\g#Le ;%egét
back, with k representing the feedback strength andhe 9 9 y ' '

feedback roundtrip time. The last term of Ed) is an inter- th?i dnc igutwp cur:ﬁtnt itgo_:ll'oz rg??n::\rgshold foi;] IaS|irC11g|
nal noise that stands for spontaneous emission fluctuation%CO(;’ lation ez? L;msl't ggA)’ 20 04 Znudce :r%dlfrso a
where 8 measures the noise strength afftl) is a Gaussian diatl pitu mod ™ *- per mod

white noise with zero mean and unity intensity. The materialggg gr?t dFel?ur?_ n%'e'sholllvs :22 &Z%Sﬁ ci_ferem(er)n;?é thLehe;
gain functionG(E,N) is given by mer ay imes. ot utation para i~ sen,

the dropouts are perfectly entrained to the driving signal for
[N(t) = Ng] T71=2.8 ns[_Fig. _2(b)]. However, the entrainment is lost W_hen
_ 9N 7 No] 3 the delay time is decreas¢Hig. 2(a)], and changes qualita-
1+s|E(H)]? tively when it is increasedFig. 2(c)]. Hence, the results
indicate that an entrainment of the intensity dropouts at the
whereg is the differential gain coefficient\, is the carrier modulation frequency does not occur for all delay times, due
number at transparency ardis the saturation coefficient. to the interplay between the modulation frequency and the
The threshold carrier numbéty, in Eq. (2) is given byNy, external cavity frequency highlighted in R¢).
= y/g+ Ny. In order to examine the effect of the delay time sys-

For constant pump currei@(t) =C, and the parameters tematically on the statistical distribution of the power drop-
of Table I, the laser operates in the LFF regime, charactereuts, we plot, as a solid line in Fig.(@, the normalized
ized by irregularly spaced and sudden drops in power, acstandard deviation of the time intervals between consecutive
companied by abrupt increases in the accumulated phasgopouts for increasing; and the same modulation ampli-

G(E,N)
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FIG. 3. Normalized standard deviati¢a) and mean periogb) FIG. 4. Normalized standard deviati¢a) and mean periogb)

of the time interval between dropouts for three different amplitudeof the time interval between dropouts for three different noise am-
modulations:A .= 0 (dotted lin®, A,=0.02 (dashed ling and  Plitudes:c=0.00 (solid line), o=0.04 (dashed ling and o= 0.06
Amod=0.04 (solid line). In (b) horizontal guiding lines indicate the (dotted ling. In (b) horizontal guiding lines indicate the multiples
multiples of the modulation perio . of the modulation period g

accurately selected in order to enhance entrainment to a har-
glonic modulation. A natural question that arises from these
ults is how the feedback time affects the phenomenon of

tude A,,,=0.04 as in Fig. 2. Two well defined resonances
can be observed, characterized by two clearcut minima of thées
standard deviation for given values of the delay time. Thes chastic resonancSR) in a semiconductor laser in the

resonances, however, are not a straightforward consequenE . . . ) : :
of the relationship between the modulation frequency and th F. reg|me[11_,12. With the am of answering this quest|on_,
we introduce in the system a time-correlated external noise

external cavity frequency. If that were the case, the resog(t) through the pumping current of the laser, superimposed
nances would occur at the same values-pfrrespective of onto the weak periodic signal, ie.C(t)=Cot £(1)

the modulation amplitude(provided T..q remains un- . - / .
changed, since the distance between modes and adjacen rﬁ‘gﬁ%ﬂ?&“’;}"gi ,e v\\//\?thherzeeri(tr%e:n :n dGC%l:f;;a,[?onanSte'n'
antimodes depends only af, not onA,,,4. But a compari- :
son between the solid and dashed lines of Fig) 3hows
that the resonance minima shift to lower valuesrps the (E(EN)) = Ee—\t—t'\/rc_ (4)
modulation amplitude decreases. Tc

In order to clarify this fact, in Fig. ®) we plot the mean
value of the interdropout intervalgéo be called “mean pe- The external noise is characterized by its intenBitgnd its
riod” in what follows) corresponding to the cases shown in correlation timer.. The variance of the noise is given by
Fig. 3@). The results clearly show that when the resonance®/ ., so that its amplitude is=/D/7.. A time-correlated
happen, the mean period locks to the modulation pefigghy  noise is chosen due to the fast dynamics of this system
or a multiple of it. This behavior clearly contrasts with the (~ tens of picosecond$15], which makes the consideration
situation when no modulation is appliédotted line in Fig.  of a white electronic noise an unrealistic assumpfib4i.
3). In that case, the mean period increases monotonously Earlier work has shown that noise of the type given in Eq.
with the delay time, and the normalized standard deviatior{4) can play the role of a modulation, in terms of enhancing
depends only weaklyand also monotonicaljyon it. entrainmen{12]. We can thus expect that the delay-induced

The increase of the mean dropout period with feedbackesonances described will also depend on the noise intensity.
time for no(or smal) modulation amplitude can be related to In order to test this conjecture, we set the modulation and
the fact that the number of external cavity modes increaselaser parameters to match the situation presented in the solid
with the delay time. For large modulation amplitudes, on thecurve of Fig. 3 and introduce noise into the system. Figure 4
other hand, the periodic driving takes over the dynamics okhows the normalized standard deviation and the average of
the system, forcing the intensity to drop before its naturakhe time interval between dropouts for three different noise
dropout period. The shift in the resonances with,q can levels as a function of the delay time. The results indicate
then be understood from the fact that the modulation altershat, as the noise intensity increases, the resonances shift to
the dependence of the mean period on the delay time in sudfigher delay times, similarly to what happens in the deter-
a way that locking occurs at different valuesmffor differ- ministic case as the modulation amplitude increases. At vari-
ent modulation amplitudes. A&,,.q increases, the width of ance with the deterministic case, however, for large noise
the locking regions increases, until, for a large enough moduintensities the standard deviation curve shifts upwards, as
lation amplitude, an entrainment of the interval betweenexpected from a disordering effect of noise.
dropouts is observed for all delay timggsults not shown This dependence on the delay time is critical from the

The previous results show that the feedback time must bpoint of view of SR, which cannot be observed equally well
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FIG. 5. External-cavity phase differenegt) for two different time (ns)

delay times:7;=2.8 ns(left), and 7;=4.3 ns(right). The values of

the noise amplitude arer=0.00 (a,d; ¢-=0.025 (b,8: and FIG. 6. External-cavity phase differenagt) for a fixed noise

=0.041 for(c,) amplitude 0=0.025, delay timer;=4.3 ns, and three different
' e modulation periodsi(a T,=40ns, (b) T,=70ns, and(c) T,
=120 ns.

for all delay times: as shown in Fig(&, near the minima of . . _ _

the deterministi¢solid) curve (@) noise can only degrade the PUMPIng current is modulated with three different modula-
regularity of the dropouts, and hence SR cannot be expectd{" Periods but with the same amplitudé(,=0.04), and

for these delay times. Far away from these minima, on thé the presence of external noise £0.025). The results
other hand, a small amount of noise will improve the quality!ndlcate tha_t, for thes_e partlcu_lar conditions, the entrainment
of the entrainmentwhich will be degraded again for large is only achieved for intermediate values of modulation pe-

enough noisg and hence SR will arise. The farther the op- (f:'gge[Flg- 6b)], i.e., a resonant effect is also observed in this

erating point is from these minima, the more pronounced the "y, 1y nes of real-life nonlinear systems are subjected to
SR effect will be. This fact is shown in Fig. 5, which plots e joint influence of delayed feedback, external driving, and
the phase difference(t) between the emitted and reinjected pgise |n this work, we have numerically analyzed the inter-
fields for two different delay times and for three increasing lay between these three factors in a well-controlled nonlin-
noise intensities. As expected from the discussion above, SR,/ device, namely, a semiconductor laser with optical feed-
is not observed at;=2.8 ns, where increasing noise desta-pack modulated by a weak pump current. Our results show
bilizes the regular output of the lasfsee Figs. 8)-5(C)].  hat resonances with the delay tiniee., with the external
For 7y=4.3 ns, on the other hand, intermediate values Ofayity length exist, and that their location shifts with the
noise enhance the regularity of the laser ouffigs. 3d)—  modulation amplitude. This latter fact indicates that the reso-
5(f)], which is the typical feature of SR. nances are not a simple consequence of the matching be-
_ Our result_s indicate that the response to external modulayeen the modulation frequency and the beating frequency
tion of certain types of delayed nonlinear systems can bgs agjacent external cavity modes. Instead, we show that the
optimized by tuning the magnitude of the delay time. In spite;osonances correspond to locking of the mean period be-
of the general interest of such a conclusion, we must remark,cen dropouts to multiples of the modulation period. We
that experimentally observing this phenomenon in the parhaye also studied how this effect influences the role of noise
ticular laser system studied in this paper is a challengingy, this system, showing that by adjusting the delay time one

task, due mainly to the difficulty of reproducing the align- cap ejther enhance or degrade the phenomenon of stochastic
ment of the external mirror and the amount of feedback fokesonance. It would be interesting to establish whether a

different cavity lengths. Therefore the optimization proce-gimiar effect of the delay time exists in other pulsating sys-

dure reported here, if intended to improve the design angoms exhibiting stochastic resonance, such as for instance
fabrication of an integrated device, should be carefully pur{,g ra systems.

sued at the very beginning of the design process. From the

scientific point of view, since as mentioned above there is a We acknowledge financial support from the EU IST net-
clear relationship between the external cavity length and thevork OCCULT IST-2000-29683, from MCyT-FEDER
modulation period, a parallel experiment can be proposedSpain, Project Nos. BFM2002-04369 and BFMZ2003-
consisting in fixing the external cavity length and modifying 07850, and from the Generalitat de CatalunfRroject No.
the modulation period. Figure 6 shows the phase differenc@001SGR00223 J.G.O. is partially supported by the NSF
time traces obtained numerically in that case, when théGERT Program on Nonlinear Syster(tSornel).
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